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What is a Craig Interpolant?

Craig-Robinson interpolant for inconsistent (first-order) conjunction A A B:
@ A=/ and [IA Binconsistent
@ all non-logical symbols in / occur in A as well asin B
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Interpolants in Verification

(e.g. McMillan CAV’03)

@ approximate image computation

@ Interpolant separates “good states” from “bad states”

interpolant
oot i,

*
* .
o .
eachabl :

states N
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Interpolants in Synthesis (Jiang, Lin, Hung ICCAD’09)

@ Given: circuit specification R : Inputs x Output — B
@ Wanted: functional implementation / : Inputs — B
@ Interpolant separates “onset” from “offset”

interpolant
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Existing Propositional Interpolation Techniques

@ Extract interpolants from resolution proofs
@ One interpolant per proof:
o Proof determines resulting interpolant

proof — — interpolant

@ Do not allow for variation of resulting interpolant!
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@ Background
o Pudlak’s Interpolation System

@ Interpolation for Propositional Hyper-Resolution Proofs
o Novel Interpolation Rules (enable Variation)
o “Merge-Free” Resolution Chains

@ Labelled Interpolation and Hyper-Resolution

@ First-Order Logic Derivations and Interpolation for Hyper-Resolution
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Resolution for CNF Formulas

@ CNF formula: A conjunction of clauses

AV, e {xx]|x € Variables}
i

e.g.
(Y1 \/72) A Xo N\ (Xo V X2) A Xo N (X1 \/Xg)

@ Resolution proofs

_ Xo XoXo X2 @ X1X2
(Cvx) (DVX) g NAY NS
cvb X1 X2 X2 X1
N
X1
\
O
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Interpolants as Separators (Pudlak JSL'97)

(71 \/YQ)/\YQ/\(X()\/XQ) N Xo A (X1 \/Xg)
—————
A B
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Interpolants as Separators (Pudlak JSL'97)

AN \ NN\ \ NN\
(71 \/YQ)/\YQ/\(X()\/XQ) N Xo A (X1 \/Xg)
— ——
A B
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Interpolants as Separators (Pudlak JSL'97)

AN \ NN\ \ NN\
(71 \/YQ)/\YQ/\(X()\/XQ) N Xo A (X1 \/Xg)
— ——
A B

A = Xq B = xq X € Var(A) N Var(B)
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Interpolants as Separators (Pudlak JSL'97)

AN \ NN\ \ NN\
(71 \/YQ)/\YQ/\(X()\/XQ) N Xo A (X1 \/Xg)
— ——
A B

A = Xq B = xq X € Var(A) N Var(B)

lis false (x1—0) — (AAI) unsatisfiable
listrue (xy—1) — (BA-l) unsatisfiable
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Interpolants separate Resolution Proofs (Pudlak JSL'97)

\ \ \ \
X0 XgXo Xo X1 X2
N NN
X1 X2 ¥ Xo ¥ Xxq

N
S
0

\
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Interpolants separate Resolution Proofs (Pudlak JSL'97)

\ \ \ \
X0 XgXo Xo 1x
v VN ¥ NS

Xo WP X v 1

\
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Interpolants separate Resolution Proofs (Pudlak JSL'97)
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Interpolants separate Resolution Proofs (Pudlak JSL'97)

\ NN \
\ g L A 4 9
\ X0 X0 X2 X2
P /
X2 9 X 9 O
N7 .
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Interpolants separate Resolution Proofs (Pudlak JSL'97)

\ NN \
v L A 4 9
\ X0 X0 X2 X2
P /
X2 9 X 9 [
e .

9 0 -7 o
n S0

@ Annotate each clause C in proof with partial interpolant I
o AA—lc= C\{leC|tis v}

0o BA Io= C\{lecC|lis ¥}
e Var(lc) C Var(A) N Var(B)
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Pudlak’s Interpolation System (Pudlak JSL'97)

@ Base case (initial vertices):
elfCecAIZ0

def

e lfCeB: =1
@ Induction step (internal vertices):

CiVx [/1] CVX [/2]

CiV GCo [/3]
itxis'e ke kv b=y >
IXISv 3= P [2 3

. ho b
itxis'y B (xVE)A(VE) x_1
N .
if xis A gzD‘/a
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Pudlak’s Interpolation System (Pudlak JSL'97)

X1 X2 [0] X2 X2 [1] X1 X2 [1]

N NS
\D“/
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Pudlak’s Interpolation System

X1 X2 [0] »X2 X2 [1] X1 X2 [1]
\ / . \ /
\9 X1 ToX1

\D““/

(Pudlak JSL'97)
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Pudlak’s Interpolation System

e0VvV0=0

X2 [1] X1 X2 [1]

O

3 > X]_

\D““/

(Pudlak JSL'97)
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Pudlak’s Interpolation System (Pudlak JSL'97)

%1% 0] peld] %[ xx [l
N NS

\9 X1 \le [1]

e 0VvV0=0
@ (xoV1)A(X2Vv1)=1
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Pudlak’s Interpolation System (Pudlak JSL'97)

%1% 0] peld] %[ xx [l

e0Vv0=0
@ (xxV1I)A(X2Vv1)=1
@ (2 VO)A(X2Vv0)=0
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Pudlak’s Interpolation System (Pudlak JSL'97)

%1% 0] peld] %[ xx [l

X1 [0] . X1 [1]
o>
O x1]
e0Vv0=0
@ (xoV1)A(X2Vv1)=1
@ (2 VO)A(X2Vv0)=0
O(X1\/1)/\(Y1V0):Y1
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@ Background
o Pudlak’s Interpolation System

@ Interpolation for Propositional Hyper-Resolution Proofs
o Novel Interpolation Rules (enable Variation)
o “Merge-Free” Resolution Chains

@ Labelled Interpolation and Hyper-Resolution

@ First-Order Logic Derivations and Interpolation for Hyper-Resolution
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Hyper-Resolution (Robinson JACM’65)

XoX2 X2 @ X1X2

\/ N

X1 X2 X1

NS
1\;
(Il
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Hyper-Resolution (Robinson JACM’65)

XoX2 X2 o X1X2

NS

X1 X2 X2 X1
—— —_———
nucleus satellites
[HyRes]
O
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Hyper-Resolution (Robinson JACM’65)

X0 XoX2 X2 o X1X2
NN S
X1 X2 X2 X1
——— ~—_———

nucleus satellites

[HyRes]
O

satellites nucleus

(Civxt) -+ (ChVxn) (X1 V---VXpVD)
Vi CivD

[HyRes]

@ condensation of a derivation consisting of several resolutions
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Hyper-Resolution (Robinson JACM’65)

X0 XoX2 X2 o X1X2
NA NS
X1 X2 X2 X1
I I I N
= X1
? [ o
.
satellites nucleus
(Civxt) -+ (ChVxn) (X1 V---VXpVD)
HyR
VI GV D rynes

@ condensation of a derivation consisting of several resolutions
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Interpolation for Hyper-Resolution Steps

(Civxi) [h] -+ (CaVvxn) [l]  (X1V---VX,V D) [lnt1]
VL Giv D[]

: \ " _
if Xx1,...,x, are v Id:f/\ln:1(X,'\/ /,')/\ (ln+1 \/\/7:1 X,')
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Interpolation for Hyper-Resolution Steps

(Civxi) [h] -+ (CaVvxn) [l]  (X1V---VX,V D) [lnt1]
W;QVD[”

\ e
ifxi,...,xpare \y  IEVIT
. \ e _
if Xx1,...,x, are v Id:f /\?:1 (X,‘ V /,') A (ln+1 V \/7:1 X,')

. \ def
if xp,..., X are =y

SAT @ Trento, June 2012
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Interpolation for Hyper-Resolution Steps

(Civxi) [h] -+ (CaVvxn) [l]  (X1V---VX,V D) [lnt1]
W;QVD[”

\ e
ifxi,...,xpare \y  IEVIT
. \ e _
if Xx1,...,x, are v Id:f /\?:1 (X,‘ V /,') A (ln+1 V \/7:1 X,')

. \ def
if xp,..., X are =y

not total!

SAT @ Trento, June 2012
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Interpolation for Hyper-Resolution: Example Revisited

X0 Xg X2 X2 X1 X2
NN N
X1 X2 [O] v X2 [0] \9 X1 []_]
~—— —

nucleus satellites

[HyRes]

O[]

: \ e
if x1,..., Xy are g TENL GV ) A (It V VI X))
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Interpolation for Hyper-Resolution: Example Revisited

X0 Xg X2 X2 X1 X2

NN NS
X1 X2 [O] v X2 [0] \9 X1 []_]
—— —_—

nucleus satellites

[HyRes]
o]

. \ def n n -

if X1, xpare g 1= AL V) A (It V VL Xi)

def

@ /=1 VI)A(XVOAKX1VX2vV0) = x2A(X1VX2)
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Interpolation for Hyper-Resolution: Example Revisited

X0 Xg X2 X2 X1 X2

NN NS
X1 X2 [O] v X2 [0] \9 X1 []_]
—— —_—

nucleus satellites

[HyRes]
O[]

. \ o _

if x1,...,x,are TENL GV ) A (It V VI X))
0 IZ (X VI)A(RVO)A (X VX2V0) = XA (X VX2)
@ | implies x1 but is not equivalent (try x; = xo = 0)
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Interpolation for Hyper-Resolution Steps

(C1\/X1) [I1] (Cn\/Xn) [In] (Y1V‘--\/Yn\/D) [ln+1]
VI, GV D ]

\ A= (G V ) A (It V Vg X))

. \ def
|fx1,...,xnare9 = or

Vi (Xi AV (It A ALy %)
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Interpolation for Hyper-Resolution Steps

(C1\/X1) [I1] (Cn\/Xn) [In] (Y1V‘--\/Yn\/D) [ln+1]
VI, GV D ]

. \ def n+1
|fX1,...,Xnare '9 I:\/I:1 II

\ o N (i V) A (It V Vg X0)
ifx1,...,x,7are\9 | £ or
VX AV (et AN X)

. \ def
if xp,...,x,are 1E N,

SAT @ Trento, June 2012
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Interpolation for Hyper-Resolution: Example Revisited (Again)

X0 Xg X2 X2 X1 X2
NONS N
X1 X2 [O] \9X2 [O] ‘9 X1 []_]
~—— —_————

nucleus satellites

[HyRes]
O]

. \ e —
if X1,...,x, are v Id:f \/7:1(X,'/\ /,) V (In+1 /\/\,,-7:1 X,')
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Interpolation for Hyper-Resolution: Example Revisited (Again)

X0 Xg X2 X2 X1 X2
NONS N
X1 X2 [O] \9X2 [O] ‘9 X1 []_]
~—— —_————

nucleus satellites

[HyRes]

O[]

. \ e —
if X1,...,x, are v Id:f \/7:1(X,'/\ /,) V (In+1 /\/\,,-7:1 X,')

0 IZ X A1)V (X2 AO0)A (X1 AXa AD) = Xy
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Interpolation for Hyper-Resolution

@ Base case (initial vertices):
def

o IfCeAI=0
def

e lfCeB:I=1
@ Induction step (internal vertices):

(Crvxy) [h] -+ (CaVxn) [h] (X1 V- VX,V D) [lht1]
VL, CivD [I

\
if xi,..., X are g 1\

W [ NSOV A (e Vv VLX)
if X1,...,xpare SN | = or

Vil (Xi AV (It A AT i)
\ .
if x1,..., X are ' 1E AN
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Parametrised Interpolation System

@ Interpolation for Hyper-Resolution provides us with a choice for each
inner node of the proof
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Parametrised Interpolation System

@ Interpolation for Hyper-Resolution provides us with a choice for each
inner node of the proof
@ Moreover: Choice determines strength of interpolant

N1 (V) A (e V VI i)
4
Vil (i A )V (I A ATy %)
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Hyper-Resolution Steps as Chains

xo V G x1V G (?1' '?n\/D)

\\/jvcvm
/

x,VC, (X3-- X,,\/Cl\/C2\/D)

N

CLV--VC, VD
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Hyper-Resolution Steps as Chains

Xz\/CQin\/Cl (?1' '?n\/D)

\\/jvcvm
/

xa VG (X3---X, VGV GQVD)

N

CLV--VC, VD

@ May swap resolution steps if “merge-free” (X2 & Cq, X1 & C»)
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Hyper-Resolution Steps as Chains

x1V G xoV G Xl"?n\/D)

\/

X1X3 Xn\/Cl\/D)

/

xa VG, (X3:--XaVCGVGVD)

N\

CV---vC, VD

@ May swap resolution steps if “merge-free” (X2 & Cq, X1 & C»)
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Hyper-Resolution Steps as Chains

x1V G xoV G Xl"?n\/D)

\/

X1X3 Xn\/Cl\/D)

/

xa VG, (X3:--XaVCGVGVD)

N\

CV---vC, VD

@ May swap resolution steps if “merge-free” (X2 & Cq, X1 & C»)
e Swapping affects interpolant strength [D’Silva et al. VMCAI'10]
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Hyper-Resolution Steps as Chains

x1V G xoV G Xl"?n\/D)

\/

X1X3 Xn\/Cl\/D)

/

xa VG, (X3:--XaVCGVGVD)

N\

CV---vC, VD

@ May swap resolution steps if “merge-free” (X2 & Cq, X1 & C»)
e Swapping affects interpolant strength [D’Silva et al. VMCAI'10]
@ If all steps can be swapped: strongly merge free
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Hyper-Resolution Steps as Chains

x1V G xoV G Xl"?n\/D)

\/

X1X3 Xn\/Cl\/D)

/

xaVCy (X3---X,VCGVGQVD)

N\

CV---vC, VD

@ May swap resolution steps if “merge-free” (X2 & Cq, X1 & C»)
e Swapping affects interpolant strength [D’Silva et al. VMCAI'10]
@ If all steps can be swapped: strongly merge free

e Strongly merge-free chains correspond to hyper-resolution
(sufficient but not necessary condition)
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Completeness of Interpolation System: Splitting Chains

@ pivots in chains may not be uniformly labelled
@ can be resolved by splitting hyper-resolution step

NN N
e at most one step for each of { », », »}

% % % % :“ :“ :“ :“
(x1 VCi) (x2 VC2) (X3 VC3) (X4 VC4) (X1 V X2V X3V X4 VD)
CivCVvVC3VCsVD

$
\ \ \ \ \ \
ZVC) (X VCs) (Ko V %oV Xo W Xg VD) N
. . (x 1 \3 \3 1 2 3 4 [ »-HyRes]
(}(vvC)(%‘;vC) (X2 \V X4 VCi V Cs V D) \
2 2 4 4 2 4 1 3 [ 9'HyReS]

CivVCyVC3VCysVvD
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@ Background
o Pudlak’s Interpolation System

@ Interpolation for Propositional Hyper-Resolution Proofs
o Novel Interpolation Rules (enable Variation)
o “Merge-Free” Resolution Chains

@ Labelled Interpolation and Hyper-Resolution

@ First-Order Logic Derivations and Interpolation for Hyper-Resolution
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Labelled Interpolation Systems (D’Silva et al. VMCAI’'10)

@ Colouring scheme can be relaxed!

)
/ \

\/

v
7
Vg

(colour lattice)
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Locality Preserving Colouring

Each literal £ in each clause coloured separately!

\ 7
B &

\
o Literals from A\ B must be coloured '

\
@ Literals from B\ A must be coloured ',

. NN N
o Literals from Aand B: Any colour € { ', &, &}
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Strength of Interpolants (Using Labelled Interpolation)

A-local | A/B-shared | B-local

\ \ \
strongest N ® ® g I )5

\ \ \ \

v | vw| e U

\ \ \ h b

U > > e | XNV

\ NN \

v | »w| w 4

\ \ \ /

2 3 R 1
weakest =N =N * L1
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Elimination of Non-Essential Literals (Using Labelled Interpolation)

@ Enables elimination of non-essential literals
A-clause | B-clause

\ \
\ 2 \d

(SVC) [h] (BVG) [kl (X Vv Re VD) [k]
(CtvCaVvD) [(x1VI)AN(XVE)A(XIVX2VB)

$ relabel

(5VC) [h] (aVG) [kl (X VX vD) [h]
(C1 vV CoV D) [/1 VbV /3]
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Labelled Interpolation System for Hyper-Resolution

@ Base case (initial vertices):
\
o If Ce A 1€ "allliterals £ € Cst. L(,v) = 'y’

\
o If CeB: ¥ ~(allliterals £ € Cst. L(£,v) = ')
@ Induction step (internal vertices):

(Cyvxi) [h] -+ (CaVvixn) ]  (1V---VXaVD) [lht1]
ViLiGivD ]

. N\ ]
AL L) UL = 1Z V)
\ def /\7:1 (xi Vi) A (ln‘H v \/?:1 Y")
if /\7:1 L(X,’) LJ L(Y,) = \,9 | = or
VX AV (et ANZ X)

. —_ o\ .
it AL L) UL(R) = 12 AT
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Labelled Interpolation System for Hyper-Resolution

@ Complete lattices induced by point-wise extension of:

o Labelling function L : Nodes — {\v , \v,\v} for initial nodes

e Choice x : Nodes — {1,2} of interpolation rule for internal nodes
@ Enables

o systematic variable of strength (using L, x)

o elimination of non-essential literals (using L)

@ Choice and labelling functions for hyper-resolution are orthogonal

G. Weissenbacher (TU Wien) Interpolant Strength Revisited SAT @ Trento, June 2012 28/ 31



@ Background
e Pudlak’s Interpolation System

@ Interpolation for Propositional Hyper-Resolution Proofs
o Novel Interpolation Rules (enable Variation)
o “Merge-Free” Resolution Chains

@ Labelled Interpolation and Hyper-Resolution

@ First-Order Logic Derivations & Interpolation f. Hyper-Resolution
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Hyper-Resolution Proofs from First-Order Derivations

: z=y&(y—1).
. y#0 '
|y_ ZSy—l :
.\YS Z<y _ _", XxX=z
__________ Z<x _---
false
3 extract

tautology

(=% G#0) (=y&y-1) (G=xVFA0)V(E=y&y-1)V(<x)

z <X

@ Extract propositional hyper-resolution proofs from FOL derivations
o Treat closed/ground FOL formulae as propositional atoms

@ Colouring conditions impose restrictions on proof structure
o c.f. [Jhala & McMillan TACAS’06] and [Kovéacs & Voronkov CADE’09]
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Conclusion

@ Generalises labelled interpolation systems to hyper-resolution
@ Subsumes
e existing propositional interpolation systems
(Huang/Kraji¢ek/Pudlak, McMillan)
o first-order interpolation systems of [Kovacs & Voronkov CADE’09] and
[Weissenbacher 2010]
and relates them in logical strength
@ Enables systematic modulation of interpolants

o variation of logical strength
e elimination of non-essential literals
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